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Plane non-linear oscillations of an artificial satellite—a rigid body-—about its centre of mass in an elliptical orbit of small eccentricity
are considered. It is assumed that three times the frequency of small oscillations of the satellite in a circular orbit is close to the
frequency of revolution of its centre of mass. Methods of classical perturbation theory are used to reduce the problem to that
of a model system, described by a Hamiltonian which is characteristic for problems involving the motion of Hamiltonian systems
with one degree of freedom in the case of third-order resonance. A detailed analysis of such systems is carried out. The theory
of periodic Poincaré motions and KAM-theory are used to transfer the results for the model system to the complete system and
to apply them to the problem of satellite motion. The question of the existence, number and stability of periodic motions with
period equal to three times the period of revolution of the centre of mass of the satellite in orbit is considered, depending on
the inertial parameter of the satellite and the eccentricity of the orbit. It is shown that motions of the satellite beginning in a
certain neighbourhood of its eccentricity oscillations are bounded, and an estimate is given for the size of that neighbourhood.
© 1997 Elsevier Science Ltd. All rights reserved.

1. STATEMENT OF THE PROBLEM. TRANSFORMATION
OF THE HAMILTONIAN

Plane non-linear oscillations of a satellite, treated as a rigid body, about its centre of mass in an elliptical
orbit are described by the equation [1]

(1+ecosv)d?y / dv? — 2esin vdy / dv + @} sin ycos y = 2esin v (1.1)

where ¢ is the eccentricity of the orbit of the centre of mass, v is the true anomaly, w3 = 3(C — A4)/B,
where A4, B and C are the principal central moments of inertia of the body, B being the moment of
inertia about an axis perpendicular to the orbital plane and v is the angle between the radius vector
of the centre of mass of the satellite about the attracting centre and the axis corresponding to the moment
of inertia A.

If the eccentricity of the orbit is small and wy# 1, Eq. (1.1) has a 2r-periodic solution [1] of the form

« 2esiny 2
y=y ©l -1 +0(e”) 1.2)
which reduces, when e = 0, to the solution y* = 0 corresponding to equilibrium of the satellite in an
orbital system of coordinates. The question of the stability of the eccentricity oscillations (1.2) has been
investigated in detail [1, 2].

The aim of this paper is to investigate non-linear oscillations of the satellite in the case when three
times the frequency o, of its small oscillations in a circular orbit (e = 0) almost equals the frequency
of revolution of the centre of mass.

If we put

¥ =y* + g/(1 + ecos v), p = dq/dv

the equations of perturbed motion in the neighbourhood of the solution (1.2) may be expressed in
Hamiltonian form with Hamiltonian

€cosV 1
P+ ——————g? + —@i[(1 +ecos V) x

H= q
2(1+ecosv) 2
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><sin(2\y‘ +—12 )sin 4 __ _gsin2y’] (1.3)
l+ecosv 1+ecosv
Applying several canonical changes of variables, we reduce the Hamiltonian (1.3) to the form
characteristic for problems involving non-linear oscillations of time-periodic Hamiltonian systems with
one degree of freedom in the case of third-order resonance considered here [3].
Taking (1.2) into consideration, we can expand the Hamiltonian (1.3) in series

H=H2+H3+H4+... (14)
1., 22 ecosv 5 2
Hy=—(p"+0 - +0(e
2 =5(p" +05q") 20i-n? ()

2 ew}sinv 1
Hy=-2=5—=q' +0("), Hy=HP +0(e),. HY =-cwiq’
-

where the dots stand for all the terms of order greater than four in g and p.
Applying a linear canonical transformation g, p — 4., p., 2n-periodic in v, of the form
g= q, e(cos vg, — 20, sin vp,)

"o o (@3 - D(4wF - 1)

® 2 _
p=,}mop,+ 7 £Y%o 3 20, lsian.—cOSVp. +0(e2)
(g - 1)4wg -1} ®,

we reduce H, to normal form H,,

+0(e?)

We shall assume that the quantity A is close to 1/3. In the e, wy plane the relationship 3A = 1 defines
a resonance curve, represented by the solid curve in Fig. 1, whose equation is as follows [2]:

@y = 113 + (71/160)e? + O(e*) (L.5)

Henceforth we shall put A = 1/3 + °B.
Applying a canonical transformation q,, p, — x+, y+ of the Birkhoff type, we reduce H® to normal
form —(x% + y%)¥/16. A change of variables x* = ¢lx,,y = ¢y, will then yield the following Hamiltonian

K= %sz + )‘2)+—\/4Ee2 sinvx® - %82(12 +y*) +0(e%) (16)

We transform (1.6) to @, r coordinates by the formulae x = V(2r) sin 9,y = Y(2r) cos ¢, and eliminate
summands with non-resonance harmonics in third-order terms by applying a near-identical canonical

%

Fig. 1.
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transformation, 2n-periodic in v. This gives the following Hamiltonian

F=dr-te2? —%ezr% cos(3¢ - V) + 0(e>) (1.7)

Finally, making the change of variable @, r — 8, p, where

3 2 v
=—=p, =—0-=7+—
r=gf ¢ 33

and introducing a new independent variable t = (3/32)e*v, we transform the Hamiltonian (1.7) to the
following final form

Y=Y + e (e’ P T, e) (18)
where
Yo =p? +p**cos30-pp, p=(32/3)8 (1.9)

The function v, in (1.8) is 2rn-periodic in 0, periodic in T with period T = (9/16)ne’ and analytic with
respect to all the variables in the domain0 < p < 1.

2. INTEGRATION OF THE UNPERTURBED SYSTEM

Let us consider the unperturbed system described by the Hamiltonian (1.9), which is typical for
problems involving the motion of Hamiltonian systems with one degree of freedom and third-order
resonance. The qualitative nature of non-linear oscillations in such systems, as well as the existence
and stability of 6m-periodic motions, was studied in [3-6]. This part of the paper consists of a detailed
analytical investigation of a system with Hamiltonian ;.

2.1. The equations of motion corresponding to Y, are

d8/dv=2p+¥pcos30-p, dp/di=3p"sin38 2.1)

We will indicate the equilibrium positions of system (2.1) and the nature of their stability [3]. The
equilibrium position p = 0, which exists for any values of p, is stable when p # 0 and unstable when p
= 0. If p = -9/32, there are two further types of equilibrium position, at which sin 30 = 0, and the
equilibrium values of p are the roots (16 + 9+3V(9 + 321))/32 of a quadratic equation.

The equilibrium positions of system (2.1) corresponding to the larger root (p,) are stable, while those
corresponding to the smaller root (p,,) are unstable. When p = 0 the unstable equilibrium positions
coincide with the origin (p., = 0). When p = -9/32 the equation has a double root (p, = p., = 9/64);
the corresponding equilibrium positions are unstable.

Figure 2 shows the qualitatively distinct phase portraits of system (2.1) [3] in the plane of the variables
x1 = V(2r) cos 8, x, = V(2r) sin 8, for the cases b < -9/32 (a), p = -9/32 (b), =9/32 < p < 0 (c) and
p=0(d),n>0(d).

The stable equilibrium positions of system (2.1) are represented in Fig. 2 by singular points of the
“centre” type, and unstable ones (for p# -9/32, u # 0) by singular points of the saddle type. When p
= 0 (Fig. 2d) the origin is a compound singular point, whose neighbourhood is the union of six saddle
sectors. The unstable equilibrium positions for p = —9/32 (Fig. 2b) are represented by compound singular
points—degenerate saddle-nodes.

The unstable singular points of the system are connected by separatrices, which separate the oscillation
domains of the system (near stable equilibria) from domains of rotation. Trajectories in a domain of
rotation encircle all the singular points of the system; the angle 6 increases monotonically along such
trajectories.

2.2. The system of equations (2.1) has a first integral

Yo(8, p) = h = const (2.2)
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using which we can eliminate 6 from the second equation of (2.1). Then the equation for p becomes
dpN(F(p)) = £3d1, F(p) = p’ ~(h + pp - p°)’ (2.3)

The upper sign in (2.3) corresponds to motion in the sectors 2nk/3 <0 < n(2k + 1)/3 (k =0, 1, 2),
where p is increasing, and the lower sign, to motion in the sectors n(2k — 1)/3 < 0 < 2nk/3 (k = 1, 2,
3), where p is decreasing.

The form of the solution of Eq. (2.3) depends on the number and multiplicity of real roots of the
polynomial F(p). It follows from the form of F(p) that all its real roots are positive.

After Eq. (2.3) has been integrated, the function 8(t) may be determined from (2.2).

Let us write down the solutions of Eq. (2.3) in the entire range of variation of the parameters p
and k. The eight subdomains indicated in the (u, #) plane in Fig. 3 correspond to the qualitatively
distinct solutions of system (2.1). The subdomains are bounded by the straight lines p = -9/32, u = 0,
the straight line & = 0 and the curves h = h(n), A = hy(l), corresponding to the energy levels at
the equilibrium Eositions of system (2.1) for which p = 0 and p = p,, p = p.., respectively, where
By(w) = p2 + p% = pps (1 = = 9/32), hy(n) = pi. - p.¥? - ppa. for -9/32 < i < 0 and hy(p) =
p2. + p Y2 — pp.. for u = 0. The curves & = h,(1) and k = hy(u) issue from a common point with
coordinates (-9/32, 27/4096); the curve & = h(u) and & = h,(u) issue from a common point
with coordinates (—9/32, 27/4096); the curve A = h;(p) cuts the Oh axis at h = —27/256.

Fig. 3.
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No motion is possible if # < 0 in the domain p < ~1/4, or if & < Ay(u) in the domain p = -1/4.

The points of the straight line # = 0 (L < -1/4) represent the stable equilibrium p = 0 of system
(2.1). In domains 1 and 2 (Fig. 3) and the part of the straight line p = -9.32 separating them we have
oscillations near that equilibrium (see Fig. 2a—), taking place in the interval p, < p < p, of the p axis,
where p; and p; (p; < py) are the real roots of the polynomial F(p); the other two roots are complex
conjugates. We introduce the notation

o=y (1+2u-p -p,), B=h>/(p,p;)
Y=B-02, p=i@-p)?+11%, g=[@-p)?+71* 2.4)

Using tables of integrals [7], we obtain the following expression from (2.3)

P1g+P2P = (P1g —p,p)en(3y/pgt) 25)
P+q+(p-q)en(2y/pgn)

The modulus of the elliptic cosine in (2.5) is

p(t)=

k= WPy - p2)* — (P~ )V (pg)V? (26)

and the constant of integration is chosen so that at T = 0 the variable p should achieve its minimum
value p = p,. The frequency of these oscillations is ®,/3, where

W, = _3_1t.l\/_p_i 2 7

' 2K(K) 27)
and K(k;) is the complete elliptic integral of the first kind.

The points of the curve & =-h;(n) (for p = ~1/4) represent stable equilibria of system (2.1) corres-
ponding to p = p,. In domains 3 and 6 and on the part of the straight line p = 0 separating them (Fig.
3) we have oscillations near these equilibria (see Fig. 2c~¢), in which case p, < p < p, (p; and p, are
the real roots of the polynomial F(p); its two other roots are complex conjugates). The function p(t)
for these oscillations is defined by Eqs (2.4)—(2.6), and their frequency equals ®, (formula (2.7)).

In domain 4 (Fig. 3), there are oscillations of two types corresponding to each value of |1 and 4: an
oscillation of the first type takes place in the neighbourhood of the stable equilibrium p = 0, and p
then varies in the range p, < p < ps; oscillations of the second type take place in the neighbourhood
of the stable equilibria corresponding to p = p,, in which case p takes values in the range p; < p < p,
(see Fig. 2c). Here py, P2, P3; Pas (P2 < P3 < P2 < py) are the real roots of the polynomial F(p).

For oscillations of the first type, it follows from Eq. (2.3) that [7]

)= P4(Py —P3)+P1(P3 —p4)sn’u

p(t 28
Pi =Py +(p3—py)sn’u 28

where we have assumed that p = p, at T = 0, and for oscillations of the second type
p(1)= P2 (P —P3)—Pi(p "Pz)snzu 29)

PL =P —(p; —py)sn’ u

where we have assumed that p = p; at T = 0. In both of the last expressions we have introduced the
new notation u = 3/2[(p; - pP3)(P: — Pa)]’%; the modulus of the elliptic function is &, = [(p; - p2)(P3 —

PaY(P1 = P3)(p2— P& e .
Oscillations in the neighbourhood of equilibria corresponding to p = p, take place at a frequency

©, = %7K (k)P —p3 )Py —pa)I® (2.10)

and those in the neighbourhood of p = 0 at a frequency w,/3.

To each point of domain 7 there correspond two motions (see Fig. 2e): oscillation in the neighbourhood
of the stable equilibrium p = 0, in which case p, < p < p3, and one of the revolutions for which p; <
p < py (P1, P2 P3, P4 are the real roots of the polynomial F(p), where py < p3 < p, < py). The behaviour
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of p(1) for these motions and revolution is given by (2.8) and (2.9), respectively. The oscillation frequency
and mean frequency of revolution are equal to m,/3, where w, is given by (2.10).

In domains 5 and 8 and on their boundaries—the straight lines p = 0 and p = -9/32 (Fig. 3)—we
have a revolution for each value of | and % (see Fig. 2c—¢). In these cases p; < p < p;, where p; and
p, are the real roots of the polynomial F(p) (the other two roots are complex conjugates). The function
p(7) is defined by (2.4)—(2.6), and the mean frequency of revolution is ®,/3, where ®, is given by (2.7).

At the points of the straight line # = 0 with —1/4 < p < 0 (Fig. 3) we have a stable equilibrium p =
0 and one of the revolutions (Fig. 2¢). In both cases the polynomial F(p) in (2.4) has a double root at
zero and two other real roots p; , = (1 + 2 * V(1 + 4))/2 (p, < p;)- The motion (oscillation or
revolution) takes place with p, < p < p;. Equation (2.3) may be integrated in terms of elementary

functions, the result being [7]
1+2p—,/1 + 4y cos3ut
(1+2p)? sin? 3pt + 4p cos® 3ut

p(t) =2p?

where we have assumed that p(0) = p,.
At the point £ = 0, p = 0 we have (Fig. 2c) the unstable equilibrium p = 0, and motion along the
separatrix defined by

p(t)= 9(1):%[(2m—1)n+acrtg-32—t], m=12,3

4+91%°

At the points of the curve 2 = h(u,) (Fig. 3), where —9/32 < p < -1/4, we have two types of motion
(see Fig. 2¢): stable equilibria, at which p = p,, and oscillation in the neighbourhood of the equilibrium
p = 0. In that case the polynomial F(p) in (2.3) has a double root p = p, and two further real roots p,
and p,, where p; < p; < p.. The oscillation in the neighbourhood of p = 0 occurs for p, < p < p;.
Equation (2.3) may be integrated in terms of elementary functions, the result being [7]

Pi(ps — Pz)SiHZ u+p, (P —py ycos? u
(p. - pz)sinz u+(p, - pl)COS2 u

p(1)= u =%[(p. —p)P. —pVAT

where we have assumed that p(0) = p,.

At the points of the curve i = h(u) (U > —9/32, u # () we have unstable equilibria, for which p =
p.., and motion along the separatrices (Fig. 2¢, ). The polynomial F(p) then has a double root p =
p.. and two further real roots p; and p,, where p; < p,. < p1. If -9/32 < p < 0 (Fig. 2c), the value of
p as the motion proceeds along the heteroclinic and homoclinic asymptotic trajectories varies in the
ranges p, < p < p,, and p,, < p < p,, respectively. In both cases the function p(t) is given implicitly
by the following expression [7]

12 [V P1 =P)(Pex —P2) +/(P—P2)(P; —Pes) I
(P1 = P2)IPss — P!

=9(P; = Pus ) (Pae —P2)T (2.11)

where p(0) = p, for the heteroclinic and p(0) = p; for the homoclinic asymptotic trajectories; p — p,.
as T — oo,

When p > 0 (Fig. 2e) the function p(t) on the inner (p; < p < p,,) and outer (p., < p < py)
heteroclinic asymptotic trajectories is also given by (2.11).

Finally, the common point (~9/32, 27/4096) of the curves & = k(1) and & = hy(u) corresponds (Fig.
2b) to unstable equilibria of the system with p = 9/64 and motion along the separatrix defined by

81 2 7 4-1 ( 27 9 2) _%
= — 4 (25 , 39=| e —p—
p(t) (641 + )( 6+91°) cos 7096 32p P° P

3. NON-LINEAR OSCILLATIONS OF THE PERTURBED SYSTEM

We shall now investigate how the results of our investigation of the unperturbed system with Hamil-
tonian 7y, extend to the full system with Hamiltonian y (see (1.8)).
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3.1. By Poincaré’s theory of periodic motions [8], from every equilibrium position of the unperturbed
system (excluding the case i = —9/32) other than the origin, if e is sufficiently small, a unique solution
of the full system arises which is T-periodic as a function of T and analytic as a function of e. This
corresponds in the original variables to 6n-periodic motion of the satellite.

The unstable equilibrium positions of system (2.1) corresponding to the equilibrium value p = p,,
transfer to unstable periodic solutions of the full system; this follows from the continuity with respect
to e of the characteristics exponents of the corresponding linear equations of perturbed motion.

Let us investigate the stability of periodic motions originating in the manner just described from
stable equilibrium positions (corresponding to p = p,) of the unperturbed system. To that end, we
first normalize the Hamiltonian Y, in the neighbourhood of these equilibria. Let 6 = 6, + x (where
6, is the equilibrium value of the angle 0), p = p, + y. Then the Hamiltonian y, may be expanded in
series

Yo =18 +78 +v§P+... (3.1)
9 3 . 27 1 a2
(2)=_. % 2+(1__._ }5) 2 (3)= % 2 + 3 %
Yo S Pex 8P. Y Yo 2 Pexy+y p.

27 27 3 s
@ __2l N4 L K22 J -Ho4
Yo 8 Pax +16 P X7y 128P¢ y

The dots stand for terms of order more than four in x and y.

The change of variables x = x,/0, y = ay;, o0 = V(6)p2%/(8p % — 3)** normalizes the quadratic part
of (3.1), bringing it to the form 12Q(x# + y?), Q@ = 3/2p*(8p 12 - 3)!2. Next, applying a canonical
transformation xq, y; — &, n of the Birkhoff type, we eliminate third-order terms in the Hamiltonian
and simplify the fourth-order terms. The required normal form of the Hamiltonian v, in the neighbour-
hood of the equilibrium under consideration is

G=%Q(§2 +1’12)+‘—14-c(§2 +1n2)%+... (32)
= —ggz[z(z —3)2 +3(92% +62+ 5)Ip 22, z=8pli-3

The quantity z in (3.2) is positive in the domain p > -9/32 of existence of stable equilibrium positions;
hence ¢ < 0.

If we now normalize the Hamiltonian vy in the neighbourhood of the periodic solution of the complete
system generated by the stable equilibrium under consideration, we obtain a Hamiltonian of the form
(3.2) with the coefficients Q and ¢ corrected by quantities of the order of e. For sufficiently small e, it
follows from the inequality ¢ < 0 that the condition for the Hamiltonian y to be non-degenerate is
satisfied in the neighbourhood of the periodic solution. Hence, by the Arnol’d-Moser theorem [9, 10],
the solution in question is stable in Lyapunov’s sense.

3.2. We will now show that motions of the complete system, beginning in some finite neighbourhood
of the origin, are bounded, and estimate the size of that neighbourhood.

We introduce action-angle variables 7, w in the domain of revolutions of the unperturbed system [11],
setting

I(h) = 2R '$p(8, h)dd (3.3)

where the integration is performed along the closed trajectory p = p(0, k) defined by (2.3). The inverse
function to (3.3), & = h(l), is the Hamiltonian y, written in action-angle variables.

Let us estimate the size of the neighbourhood of the origin outside which the non-degeneracy condition
d?h/dl* # 0 holds in the domain of revolutions. Using (3.3) and (2.3), it can be shown that

£ Py O Wiren
dlI*  2m” (dy,/0p) 2R p%(2p+%p%cos36—p.l)3
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Since the denominator of the fraction in (3.4) is positive in the domain of revolutions (dyy/dp = d6/dt
> 0), it follows that thc integrand is positive on revolution-trajectories (RTs) on which p > 9/64, When
that happens, d’h/dI* > 0, and the non- degeneracy condition holds.

It can be shown that when p < 27/32 a RT passing through the point p = 9/64, 8 = 0 exists. On this
RT, 9/64 < p < R,, where R;, where R, is the unique real root (except in the case p = 33/64) of the
equation

o - o= -] (35)

in the domain under consideration. If p = 33/64, corresponding to & = 0, this equation has three roots:
0, 9/64 and 121/64; then R, = 121/64.

Since the non-degeneracy condition holds on this RT, it follows from Moser’s invariant curve theorem
[10] that the mapping generated by motions of the perturbed system over the period T has an invariant
curve near the RT under consideration, provided that e is sufficiently small. For all trajectories of the
perturbed system starting inside this curve, one has p(t) < Ry(1 + O(e)).

Now let p = 27/32. Since then p,, = 9/64, it follows that the circle p = 9/64 does not intersect the
domain of revolutions, and the non-degeneracy condition holds for all RTs. Hence, by Moser’s theorem,
invariant curves exist. Choose one of them, say, close to a RT, on which p does not take values exceeding
2R,, where R, is the maximum value of p on the separatrix (see Fig. 2e). The quantity R; is the unique
root in the domain under consideration of the equation

p? -p% —pup=p2 +pli - pp.. (3.6)

For all trajectories beginning inside the invariant curve, we have p(1) < 2R,(1 + O(e)).

4. NON-LINEAR OSCILLATIONS OF A SATELLITE

The conclusions reached in Section 3 concern the fairly wide class of systems described by a Hamil-
tonian of the form (1.8). We will now apply the results to the problem of plane non-linear oscillations
of a satellite.

If one has equilibrium positions of the unperturbed system with Hamiltonian vy, (we again assume
that p # —9/32, which in the original notation corresponds to B # —27/1024) corresponding to the same
equilibrium value of p but distinct values of 8 (other than 2n/3), then the 6n-periodic solutions of Eq.
(1.1) generated by these equilibria develops into one another when v is varied by 2n and 4x. These
motions correspond to the same 6n-periodic motion of the satellite, which occurs near the eccentricity
oscillations (1.2).

Corresponding to the boundary value B = —27/1024 between A domains with a different number of
periodic motions, one has the following bifurcation curve in the e, g plane

g = /3 + (2137/5120)€2 + O(e*) (4.1)

which is shown by the dashed curve in Fig. 1. For parameter values e and oy such that the point (e, )
is under the curve (4.1), there are no 6n-periodic motions of the satellite distinct from oscillations (1.2).

For points (e, ay) between the curve (4.1) and the resonance curve (1.5), two 6n-periodic motions
of the satellite distinct from (1.2) exist. They are generated from the equilibrium positions of the
unperturbed system corresponding to p = p, and p = p,,, and are described by relations of the form

y(v)= —-9-esmv——e\/—sm3-+0(e ) 42)

where ¢ = p, and ¢ = p,,, respectively. According to Section 3, the first of these motions is stable and
the other unstable.

For values of e and @y on the resonance curve (1.5) a unique (distinct from (1.2)) 6n-periodic motion
of the satellite exists, described by an equation of the form (4.2). This motion is stable. The periodic
motion corresponding to p = p,,, is identical with the eccentricity oscillations (1.2) and is unstable.

If the point (e, ay) lies above the resonance curve (1.5), the motion corresponding to p = p,, is again
separated from the eccentricity oscillations (1.2) and we have two (distinct from (1.2)) 6n-periodic
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motions of the satellite, described by equations of type (4.2); one is stable—for Yo = Yp,—and the
other unstable—for Yo = —Vp,,.

Any motions ¥ = y(v) of the satellite beginning sufficiently close to its eccentricity oscillations y =
y*(v) remain in a finite neighbourhood of those oscillations. An estimate of the size of that
neighbourhood was given in Section 3: | w(v) —y*(v) | <3/2e£(1 + O(e)), where & = VR, if B < 81/1024
and £ = V(2R,), if B = 81/1024.

Here the quantities R; = R;(n) = R{(32/3)B) (i = 1, 2) are the roots of Eqs (3.5) and (3.6), respectively,
while B for the relevant e and @y values is found from the equation

Wp =3+ €(71/160 + B) + O(e*
This research was supported financially by the Russian Foundation for Basic Research (96-01-00220).
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